We present new multi-band (U BVI) time-series data of helium burning variables in the Carina dwarf spheroidal galaxy. The current sample includes 92 RR Lyrae-six of them are new identifications-and 20 Anomalous Cepheids, one of which is new identification. The analysis of the Bailey diagram shows that the luminosity amplitude of the first overtone component in double-mode variables is located along the long-period tail of regular first overtone variables, while the fundamental component is located along the short-period tale of regular fundamental variables. This evidence further supports the transitional nature of these objects. Moreover, the distribution of Carina double-mode variables in the Petersen diagram (P 1 /P 0 vs P 0 ) is similar to metal-poor globulars (M15, M68), to the dwarf spheroidal Draco and to the Galactic Halo. This suggests that the Carina old stellar population is metal-poor and affected by a small spread in metallicity. We use trigonometric parallaxes for five field RR Lyrae stars (Benedict et al. 2011) to provide an independent estimate of the Carina distance using the observed reddening free Period-Wesenheit [PW, (BV)] relation. Theory and observations indicate that this diagnostic is independent of metallicity. We found a true distance modulus of µ=20.01±0.02 (standard error of the mean) ±0.05 (standard deviation) mag. We also provided independent estimates of the Carina true distance modulus using four predicted PW relations (BV, BI, VI, BVI) and we found: µ=(20.08±0.007±0.07) mag, µ=(20.06±0.006±0.06) mag, µ=(20.07±0.008±0.08) mag and µ=(20.06±0.006±0.06) mag. Finally, we identified more than 100 new SX Phoenicis stars that together with those already known in the literature (340) make Carina a fundamental laboratory to constrain the evolutionary and pulsation properties of these transitional variables.
INTRODUCTION
Dwarf galaxies play a crucial role in several astrophysical and cosmological problems. They outnumber giant stellar systems in the nearby universe and at low redshift (see e.g. Mateo et al. 1998; McConnachie 2012) , but it seems that the number is steadily decreasing at large redshifts (Baldry et al. 2012; Mortlock et al. 2013) . The current empirical evidence indicates that the luminosity function does not peak at low-surface brightness systems at redshifts larger than z=2 (Weinzirl et al. 2011; Bauer et al. 2011) . It is clear that in this context the age distribution of the old stellar popu-lations in nearby dwarf galaxies plays a crucial role in constraining their early formation and evolution (Salvadori et al. 2010) . Current empirical evidence indicates that both earlyand late-type dwarf galaxies host stellar populations older than 10 Gyr. This evidence applies not only to IC10, the Local Group prototype of star forming galaxies (Sanna et al. 2009 ), but also to the recently discovered Ultra Faint Dwarf (UFD) galaxies (Dall'Ora et al. 2006; Kuehn et al. 2008; Greco et al. 2008; Moretti et al. 2009; Musella et al. 2009; Dall'Ora et al. 2012; Musella et al. 2012; Clementini et al. 2012; Garofalo et al. 2013; Fabrizio et al. 2014) . Moreover, the comparison between old stellar populations in nearby dwarfs and Galactic Globular clusters does not show, at fixed metal content, any striking difference concerning the age distribution (Monelli et al. 2003; Cole et al. 2007; Bono et al. 2010) .
The above empirical evidence suggests that low-mass dark matter halos started assembling baryons at about the same time as the giant halos (Springel et al. 2005; Bauer et al. 2011; Duncan et al. 2014) . Detailed constraints on the formation of these systems require detailed investigations into their starformation histories. However, this approach needs deep and accurate color-magnitude diagrams (CMDs) down to limiting magnitudes fainter than the main-sequence turnoff of the old stellar populations (Gallart et al. 2005; . In this context variable stars play a crucial role, since they can be easily identified. Moreover, they cover a broad range in age, from a few hundred Myr for Classical Cepheids (e.g. Bono et al. 2005 ) to a few Gyr for Anomalous Cepheids (e.g. Caputo 1998; Marconi et al. 2004 ) to ages older than 10 Gyr for the RR Lyrae stars (e.g. Castellani et al. 1991) . However, for classical Cepheids we have evidence of tight correla-tion between pulsation and evolutionary age (Matsunaga et al. 2011 (Matsunaga et al. , 2013 . The same outcome does not apply, as noted by the referee, to the other quoted variables. This means that for RR Lyrae stars we can only provide a lower limit to their individual ages , while for anomalous Cepheids we can only provide an age interval.
The latter two groups have several distinctive features that make them solid stellar tracers in resolved dwarf spheroidal galaxies. Empirical evidence indicates that all the dSphs that have been searched for evolved helium burning variable stars host RR Lyrae stars (hereinafter RRLs). It is worth mentioning that they have been identified in all stellar systems hosting a stellar population older than 10 Gyr and an intermediate horizontal branch (HB) morphology, i.e., systems in which the mass distribution along the HB covers the RRL instability strip. The stellar systems with ages younger than 10 Gyr typically display Galactic thin disk kinematics (Blanco-Cuaresma et al. 2015) . This means that we still lack solid empirical evidence of RR Lyrae belonging to old thin disk open clusters . On the other hand, Anomalous Cepheids (hereinafter AC) have been identified in stellar systems more metal-poor than about [Fe/H]=-1.6 dex. Theoretical predictions indicate that helium burning sequence of intermediate-mass stars more metal-rich than the above limit do not cross the so-called Cepheid instability strip (Stetson et al. 2014a; Castellani & degl'Innocenti 1995) .
It goes without saying that the comparison of pulsation and evolutionary properties of evolved helium burningvariables in nearby stellar systems allows us to constrain their early formation (Fiorentino et al. 2012; Coppola et al. 2013; Stetson et al. 2014a; Fiorentino et al. 2015) . The Carina dSph is a very interesting laboratory for investigating the above issues. In a previous investigation we compared the period distribution of the central helium burning variable stars in Carina with similar distributions in nearby dSphs and in the Large Magellanic Cloud and we found that the old stellar populations in these systems share similar properties (Coppola et al. 2013, hereinafter, Paper VI) . On the other hand, the period distribution and the Bailey diagram (luminosity amplitude vs period) of ACs show significant differences among the above stellar systems. This evidence suggested that the properties of intermediate-age stellar populations might be affected both by environmental effects and structural parameters.
In this investigation we move towards a complete census of helium-burning variable stars. The structure of the paper is the following. In § 2 we present in detail the adopted photometric data set together with the light curves of both RRLs and ACs and their pulsation properties. In § 3 we discuss the properties of RRLs and ACs using the Bailey diagram and the Petersen diagram (period ratio vs period). We focussed our attention on the position of double mode variables and on the sensitivity of the period ratio on the iron abundance. In § 4 we use the optical Period-Wesenheit-Metallicity (PWZ) relation of RRLs to estimate the Carina true distance modulus. To constrain the possible occurrence of systematic errors we estimated the Carina distance using the five field RRLs for which are available accurate estimates of their trigonometric parallaxes. Independent distance determinations were also provided using predicted optical PWZ relations. In § 5 we present preliminary results about SX Phoenicis variables. Finally, in § 6 we summarize the results of this investigation and briefly outline the future development of the Carina project.
PHOTOMETRIC DATA
The photometric catalog adopted in this investigation is an extension of the data set discussed by Coppola et al. (2013) . This included 4,474 CCD images in the UBVRI photometric bands obtained with the CTIO 4m and 1.5m telescopes, the ESO 3.6m NTT, the MPI/ESO 2.2m telescope, and the 8m ESO VLT during the period 1992 December through 2008 September. Here we add 2,028 CCD images in the same photometric bands obtained with the same telescopes (see Table 1 ). In the current analysis, the R-band data were not included because the number of measurements is limited and they do not provide a good coverage of the pulsation cycle. The seeing had a median value of 1 ′′ .0, and ranged from 0 ′′ .8 (10-percentile) and 0
′′
.9 (25-percentile) to 1 ′′ .3 (75-percentile) and 1
.6 (90-percentile). The reader interested in a detailed discussion of the photometric methodology, the absolute photometric calibration, the identification of the variable stars and analysis of the time series data is referred to Paper VI and to Stetson et al. (2014a) .
The list of variable stars begins with that from Dall'Ora et al. (2003) (hereinafter D03) , who merged the prior lists of Saha et al. (1986) , and performed their own comprehensive investigation of the resulting set of 92 candidate variable stars. This existing star list has been augmented by our own search for new variables within the new, expanded set of 6,992 optical images of Carina. In particular, we have identified 92 RRLs. Among them 12 pulsate in the first-overtone (FO, RR c ), 63 in the fundamental mode (F, RR ab ), nine double-mode pulsator (RR d ) and eight candidate Blazhko variables (Bl). We also identified 20 ACs, two long-period variables (LPV) and 10 geometrical variables (eclipsing binaries, EB, and W Uma). The main difference between the current set of variable stars and those discussed in Paper VI is that we have identified 16 new variables. Among them 6 are RRLs, one AC, seven EBs and two probable LPVs. Moreover, in Paper VI we discovered 14 new variables, but by using the new data set, we confirm that only nine of these are new identifications (see Appendix for details).
Recently Vivas & Mateo (2013) (hereinafter VM13) performed a detailed investigation of pulsating stars in Carina. They found 38 RRLs, ten AC variables and more than 340 new SX Phoenicis (SX Phe). Among them 36 (30 RRLs and six ACs) are in common with D03 and 41 (32 RRLs, seven ACs, two EBs) with our new catalog. The nine stars listed by VM13 which do not appear in our catalog are listed in Table 7. These variables were not been included in the following analysis of RRLs pulsation properties since they are located beyond the Carina tidal radius (see § 3.1 for a detailed discussion). Concerning SX Phe stars, we confirm the variability for 324 out of 340 known pulsators in Carina and we identified 101 new variables of this class (see § 5 for details ).
In the first column of Table 2 we find the identification number according to S86 and D03. For the newly detected variables in this paper and in Paper VI (208-237) the D03 running number was continued and these stars also marked with an asterisk in this same table. Columns (2) and (3) list α and δ (J2000.0) coordinates in units of (hh : mm : ss) and (dd : mm : ss), respectively 12 , while the last five columns give S86, D03, VM13, Paper VI and current individual notes. Candidate variable stars for which we could not confirm the variability are given in Table 3 .
The current data set included the BV images adopted by 12 The astrometry is on the system of the USNO-A2.0 catalog.
D03 in their investigation of Carina's variable stars. We confirm their variability analysis and their variable star classification with only a few exceptions. According to our extended data set the variables V161 does not show clear sign of variability. The variable V17 appears to be an EB variable; while the variables V22 and V176 seem to pulsate in the fundamental (RR ab ) instead of in the first overtone (RR c ) mode. The variables V31, V61, V77, V126, V127 and V206 were also classified by D03 as RR ab variables and according to our new data they also show the Blazhko effect. Moreover, the variable V74 was classified by D03 as RR c variable, but according to our new data it is classified as a double-mode pulsator. A more detailed analysis of individual variables is given in the Appendix. The individual UBVI measurements for all the variables in our sample are listed in Table 4 13 . For every variable in our sample the Table gives in the first three columns the Heliocentric Julian Date (HJD), the U-band magnitude and the photometric error. Columns from (4) to (12) give the same information, but for the B-, V-, and I-band measurements. The total number of phase points in the complete data set depends on the photometric band, and they range from 1 to 23 (U), from 22 to 203 (B), from 38 to 278 (V) and from 3 to 92 (I). The coverage of the pulsation cycle is optimal in the B and in the V band, modest in the I band and poor in the U band. The photometric error of individual measurements depends on the photometric band and on seeing conditions. It is also occasionally affected by crowding conditions, but it is on average of the order of 0.02 mag.
Period searches and the phasing of light curves were performed using the procedure adopted by Stetson et al. (2014b) , for the galactic Globular Cluster M4. The large time baseline (∼20 years) covered by our data set allowed us to overcome half-and one-day alias ambiguities that can be quite severe in data sets covering limited time intervals. The large time interval covered by the current data set allowed us to provide more precise periods, epochs of maximum light and luminosity amplitudes for the entire set of variable stars. In particular, the accuracy of the period estimates is related to the period itself and to the time interval covered by the observations. They range from (1×10 −8 ) to (1×10 −5 ) days. The mean optical magnitudes and the amplitudes in the bands with good time sampling (B,V) were estimated from fits with a spline under tension.
We already mentioned that the time sampling of both the U-and I-band light curves is either modest or poor. This means less accurate mean magnitudes and luminosity amplitudes. To overcome this problem we adopted for the Iband light curves the method described by Di Criscienzo et al. (2011) based on using the V-band light curve as a template and re-scaling the same measurements in amplitude to fit the I-band light curves. To accomplish this goal we adopted a visual-to-I-band amplitude ratio of 1.58 ± 0.03, obtained by Di Criscienzo et al. (2011) using the literature V and I light curves of 130 RRLs with good light curve parameters selected from different Galactic globular clusters.
The U-band light curves for several variables are poorly sampled, and often there is no coverage across minimum and/or maximum light. In those cases, we adopted as mean magnitude the median of measurements and we do not provide luminosity amplitudes. 13 The Table is presented in its entirety in the electronic edition of the paper. Table 5 lists from left to right for every variable in the current data set the identification, the classification, the epoch of maximum light, the period (days), the intensity-averaged [< U >, < B >, < V >, < I >] mean magnitudes and the A(U), A(B), A(V), A(I) luminosity amplitudes. For some variables the light curves are poorly sampled, and as explained above for the U band, we adopted as mean magnitude the median of measurements and do not provide luminosity amplitudes. Note that for RR d variables the same observables and the period ratios, P 0 /P 1 , are listed in Table 6 . For these stars we did not perform the analysis of pulsational parameters in the U-band, because the U-band light curves are not well sampled. Figure 1 and 2 show the instability strip and a zoom of the position of RRLs in the V, (B − V) CMD, respectively. Red and green circles display fundamental and first-overtone RRLs. Orange triangles and gray circles mark double-mode pulsators and candidate Blazhko RRLs, while cyan symbols show the location of AC variable stars. Yellow and blue squares represent RGB and LPV variables, while black stars display the locations of the EBs (see Table 2 ). Finally, magenta and black pentagons show the RRLs and ACs in the catalog of VMC13 and not in common with our catalog. Blue and red lines display the theoretical instability strip (IS) boundaries predicted by radial nonlinear convective pulsation models for ACs (Fiorentino et al. 2006) and RRLs (Marconi et al. 2015 . Theoretical predictions were computed assuming a metal abundance of Z=0.0001 (ACs) and of Z=0.001 (RRLs). Theory was transformed into the observational plane using the bolometric corrections and the color-temperature relations provided by Cardelli et al. (1989) . We also adopted a true distance modulus of µ = (20.09 ± 0.07) mag (Coppola et al. 2013 ) and a reddening of E(B-V)=0.03 (Monelli et al. 2003) . The agreement between theory and observations appears, within the errors, quite good both for RRLs and ACs. In the above Figures the two bright RR ab stars (V158, V182) were defined as peculiar RRLs in Paper VI. We also note the presence of two RR ab (V170, V227) that appear anomalously blue. These stars have poorly sampled light curves and uncertain pulsational parameters. In particular, the number of measurements we have for the variable V170 is too small to fit the light curve and to estimate the luminosity amplitude (see Appendix for details). These four stars are labelled and marked in Figure 2 with blue crosses.
Moreover, we identified 101 new SX Phe. Their pulsation properties, their light curves and their position in the V, (B−V) CMD are discussed in § 5. Figure 3 shows the BVI light curves for a fundamental (left) and first overtone (middle) RRLs plus an ACs (right). The different data sets were plotted with different colors. The light curves of RR d variables are plotted in Figures 4. The complete atlas of light curves, including the U-band data, is available in the online edition of the paper.
PULSATION PROPERTIES

Bailey Diagram
The left panels of Figure 5 display the Bailey diagramamplitude vs period-for RRLs. From top to bottom the different panels show amplitudes in the B (top), V (middle) and I (bottom) bands. The Bailey diagram is a very good diagnostic to split fundamental and first overtones. The transition period between low-amplitude, short-period RR c and large-amplitude, long-period RR ab is located around log P∼-0.35/-0.30 (P ∼ 0.45 − 0.5 days). The RR ab display a steady decrease in amplitude when moving toward longer periods. On the other hand, the RR c show a "bellshaped" or a "hairpin" (Kunder et al. 2013) distribution. The Bailey diagram is also used to constrain the Oosterhoff class (see, e.g. ) of stellar systems hosting sizable samples of RRLs. The middle panel shows the comparison between RR ab in the V-band with the empirical relations provided by Clement & Shelton (1999, dashed lines) and by Cacciari et al. (2005, black solid line) . The former relations are based on both OoI and OoII GCs, while the latter are only for OoI GCs. The comparison indicates that Carina can be classified either as an OoI or as an Oosterhoff intermediate system, since for periods longer than log P>-0.2 there is a group of RR ab that, at fixed period, attains larger luminosity amplitudes. On the other hand, the amplitudes typical of RR c variables in OoII GCs (Kunder et al. 2013 , blue solid line) agree quite well the current data.
In Paper VI we classified Carina, on the basis of the mean period of fundamentalized RRLs, as an OoII system. Indeed, we found < P RR >= 0.60 ± 0.01 days (σ=0.07). Including the new discovered RR ab variables we find that the mean period of fundamental RRLs is < P RR >= 0.637 ± 0.006 days (σ=0.05). This estimate suggests that Carina is closer to an OoII stellar systems, since OoII GCs show mean fundamental periods of < P > ∼ 0.65 days, while the OoI GCs show shorter periods, namely < P > ∼ 0.55 days. We have also computed the ratio between the number of RR c and the total number of RRLs, and we found N c /(N ab + N c ) ∼ 0.14, i.e., a fraction of RR c variables that is more typical of OoI (∼ 17%) than OoII (∼ 44%) GCs. The above evidence indicates that the Oosterhoff classification of Carina depends on the adopted diagnostic. This means that the Oosterhoff classification should be cautiously treated, since it depends on the adopted diagnostic on the completeness and size of the RRL sample and on the morphology of the Horizontal Branch (Fiorentino et al. 2015) .
The data plotted in Figure 5 also show mixed-mode pulsators, the so-called RR d variables. These are radial variables oscillating simultaneously in at least two different pulsation modes. The RR d typically oscillate in the first overtone and in the fundamental mode, and the former mode is usually stronger than the latter (e.g. Smith 2006 ), but there are exceptions ). On the other hand, Classical Cepheids display a wide range of mixed-mode pulsators among the overtones and fundamental mode (Soszynski et al. 2008; Soszyñski et al. 2010) , suggesting that surface gravity and effective temperature might play fundamental roles in driving the occurrence of such a phenomenon. Figure 6 shows the comparison in the Bailey diagram between the current observations and predicted amplitudes. Pulsation prescriptions rely on a large set of RRL models recently provided by M2015. The black solid and dotted lines display predicted amplitudes for the sequence of metal-poor (Z=0.0001, Y=0.245) models constructed by assuming a stellar mass of 0.80 M ⊙ and two different luminosity levels. The black solid line shows predictions for the Zero-Age-Horizontal-Branch (ZAHB) luminosity level (log(L/L ⊙ )=1.76), while the dotted line for a brighter luminosity level (log(L/L ⊙ )=1.86). The purple lines display the same predictions, but for a slightly more metal-rich chemical composition (Z=0.0003, Y=0.245; M=0.716 M ⊙ , log(L/L ⊙ )=1.72 and 1.82 ).
The predicted amplitudes appear to be slightly larger, at fixed pulsation period, when compared with observations. This is a limit in the current theoretical framework, since the amplitudes are tightly correlated with the efficiency of convective transport. In passing we note that the comparison between predicted and observed luminosity amplitudes is hampered by the current theoretical uncertainties in the treatment of the time dependent convective transport. We current adopt a mixing length parameter of α=1.5 (see Marconi et al. 2011) . Larger values cause a steady decrease in the luminosity amplitude (see Di Criscienzo et al. 2004 ). Indeed, observed amplitudes attain, at fixed period smaller amplitudes. This applies to both fundamental and first overtone variables. Moreover, we are assuming that observed light curves have a good sampling around the phases of minimum and maximum light. However, the comparison shows two interesting features. i) The predicted amplitudes for FO pulsators shows a larger dependence on metal content than fundamental pulsators.
ii) The regular pulsators display, at fixed pulsation period, a small spread in amplitudes. The current predictions suggest that their evolutionary status is quite homogenous, since they appear to be located to the ZAHB luminosity level. Carina was previously known to host six RR d variables: V11, V26, V89, V192, V198, V207 (D03), in the current analysis we discovered other three double-mode pulsators: V74, V210 and V225. To further understand their nature, and in particular to properly define the location of RR d pulsators in the Bailey diagram, we estimated both primary (first overtone) and secondary (fundamental) periods and decomposed their light curves. Indeed, the quality of the photometry allowed us to estimate not only the "global luminosity amplitude", but also the amplitude of both fundamental (open orange triangles) and first overtone mode (filled orange triangles). Table 6 gives from left to right their periods, mean magnitudes and amplitudes in the BVI bands. To our knowledge this is the first time in which we can associate to the two modes of doublemode variables their individual luminosity amplitudes. The data plotted in the left panels of Figure 5 bring forward even to a cursory scrutiny that the primary components (first overtone) are located in the long period tale (log P ∼-0.4) of single mode first overtone variables. Moreover, the secondary components (fundamental) are located in the short period tale (log P ∼-0.25) of single mode fundamental variables. This evidence is further supported by their mean colors. The mean color of RR d is systematically redder (B − V∼0.33 mag) than the color range covered by RR c variables (0.2 ≤ B − V ≤ 0.35 mag) and systematically bluer than the typical color range of RR ab variables (0.3 ≤ B − V ≤ 0.5 mag).
The pulsation and evolutionary status of the RR d variables depends on their evolutionary direction and on their position in the so-called OR region . In this context it is worth mentioning that RRLs in dwarf spheroidal galaxies appear to lack High Amplitude Short Period (HASP) fundamental variables (Stetson et al. 2014a; Fiorentino et al. 2015) , thus resembling Oosterhoff II globular clusters in the Milky Way .
The occurrence of a good sample of RR d variables in Carina seems to suggest that this region of the Bailey diagram might be populated by mixed-mode variables. Obviously, the occurrence of RR d variables depends on the topology of the instability strip, but also on the evolutionary properties (extent in temperature of the so-called blue hook) and, in particular, on the occurrence of the hysteresis mechanism (van Albada & Baker 1971; Bono et al. 1995; Fiorentino et al. 2015; Marconi et al. 2015) when moving from more metal-poor to more metal-rich stellar structures.
The Blazhko RRLs plotted in Figure 5 also appear to be located in a very narrow period range. No firm conclusion can be reached concerning the distribution in the Bailey diagram of Blazhko RRLs, since the sample size is quite limited and also because the Blazhko cycle is poorly sampled.
The above findings further support the crucial role played by cluster and galactic RRLs to constrain the topology of the instability strip and to investigate the evolutionary and pulsation status of exotic objects like RR d and Blazhko RRLs.
The right panels of Figure 5 show the distribution of Carina ACs in the same Bailey diagrams as the RRLs. Their properties have already been discussed in Paper VI. We confirm the separation at log P∼-0.1 between long-period and highamplitude with short-period and low-amplitude ACs. In passing we note that three out of the 20 ACs have periods around one day. Thus further supporting the need for data sets covering large time intervals to remove the one-day alias.
Note that in the current analysis of evolved variables we did not include the six RRLs (three RR c , three RR ab ) and the three ACs recently detected by VM13 outside the tidal radius of Carina. The reasons are the following. The three RR c variables attain periods that are systematically shorter (-1.0 log P -0.25) that typical RR c variables (see Table 7 ), but their mean B − V colors are typical of RR ab variables. The same outcome applies to the three RR ab variable, and indeed they are located in the short period range of fundamental pulsators, but their B − V colors are typical of objects located close to the red edge of the instability strip. Moreover, the newly identified ACs have periods that are systematically shorter (-0.8 log P -0.7) than the typical Carina ACs.
Petersen diagram
The top panel of Figure 7 displays the position of the Carina RR d variables in the Petersen diagram, i.e., the first-overtoneto-fundamental period ratio (P 1 /P 0 ) versus the fundamental period. The data in this panel also show the comparison with RR d variables identified in Galactic globulars (see labeled names) and in the Galactic field (Halo: blue squares; Bulge: small green circles). Table 8 gives from left to right the name of the stellar system, the number of RR d variables, the reference for the RR d data, the mean metallicity and the reference for the metallicity estimate. The data plotted in this figure display several interesting features.
The period ratio shows a steady decrease when moving from more metal-poor to more metal-rich systems (see also Bragaglia et al. 2001) . The largest values in the period ratio are attained in the Halo and in very metal-poor GCs, while the smallest in the Bulge. The trend with the metallicity was also suggested on both theoretical and empirical bases by Soszyński et al. (2011) and more recently by Soszyński et al. (2014) . Note that the fraction of double-mode variables appears to be anti-correlated with the mean metal abundance, and indeed it increases from 0.5% in the Bulge to 4% in the LMC and to 10% in the SMC (Soszyński et al. 2011) . The RR d variables in Carina appear to follow a similar trend, since the current fraction is ∼10%. Two RR d variables (V192, V210) display period ratios that are systematically larger then period ratios in Galactic globulars, in dwarf galaxies and in the Bulge. In passing we note that one RR d in M68 (V36) and two in M15 (V51, V53) display period ratios that systematically smaller than the bulk of RR d variables. The referee suggested to constrain on more quantitative basis the difference. To avoid spurious fluctuations in the period range covered by the different data sets, we ranked the entire sample (398) as a function of the fundamental period. Then we estimated the running average by using a box including the first 40 objects in the list. We estimated the mean period ratio, the mean fundamental period and the standard deviations of this sub-sample. We estimated the same quantities by moving of one object in the ranked list until we took account of the last 40 objects in the sample. We performed several tests changing both the number of objects included in the box and the number of stepping stars. The current finding are minimally affected by plausible variations. We found that the quoted five RR d stars are located within 3σ of the mean. The current statistics is too limited to claim solid evidence of discrepancy. Note that we double checked the photometric quality and coverage of the above five objects and we found that they are similar to the other canonical RR d stars.
The period ratios display a larger spread when moving into the metal-poor regime (long fundamental periods). To define the trend on a more quantitative basis we adopted several sets of nonlinear, convective pulsation models (M2015). The adopted chemical compositions are labeled. The new set of RRL models relies on the theoretical framework outlined in Di Criscienzo et al. (2004) and Marconi et al. (2011) , but on new evolutionary prescriptions for low-mass He burning models provided by (Pietrinferni et al. 2004 ) (BASTI data base, http://albione.oa-teramo.inaf.it). The pulsation predictions plotted in this panel cover the so-called OR region, i.e., the region in which RRLs show a stable limit cycle in both the fundamental and the first overtone mode. This region is located between the blue edge of the fundamental mode and the red edge of the first overtone. The comparison between theory and observations indicates that an increase in the luminosity (log L/L ⊙ =1.76, 1.86, dotted and dashed red lines) mainly causes, at fixed chemical composition (Z=0.0001) and stellar mass (M/M ⊙ =0.85), a steady increase in the fundamental period, and in turn a decrease in the period ratio. Moreover, a decrease in stellar mass (M/M ⊙ =0.80, solid red line) at fixed chemical composition and luminosity level (log L/L ⊙ =1.76) causes a systematic decrease in the period ratio and a moderate increase of the fundamental period. The above trends take account of a significant fraction of RR d pulsators located in metal-poor GCs and in Carina dSph. This indicates that RR d in Carina have a metallicity of the order of Z=0.0001 and a mean stellar mass close to 0.85M ⊙ . The pulsation masses are slightly larger than predicted by evolutionary models, but are within the current empirical and theoretical uncertainties.
The above findings further support the evidence that the old stellar component in Carina is quite metal-poor. This evidence is soundly supported by recent photometric and spectroscopic results by Monelli et al. (2014) and Fabrizio et al. (2015) suggesting a mean metal abundance for the old stellar component of [Fe/H]=(-2.13±0.03±0.28) dex.
In this context it is worth mentioning that theoretical predictions for more metal-rich pulsation models (see black lines and labeled values) provide a sound explanation of the steady decrease in the period ratio of Bulge RR d variables, i.e., the stellar systems with the broader metallicity distribution.
To further define the pulsation and evolutionary properties of Carina RR d variables, the bottom panel of Figure 7 shows the same Petersen diagram, but the comparison is now extended to RR d in nearby dwarf spheroidals (Draco, Sculptor, Sagittarius), in dwarf irregulars (Large Magellanic Cloud, LMC; Small Magellanic Cloud, SMC) and in the Bulge. The data plotted in this panel bring forward several interesting new findings.
The range in period ratios covered by LMC RR d is on average larger (0.740 ≤P 1 /P 0 ≤ 0.749) than the range of SMC RR d variables. This evidence supports spectroscopic measurements of LMC RRLs suggesting metal abundances ranging from [Fe/H]= -2.12 to -0.27 dex (Gratton et al. 2004 ). The SMC RR d cover a slightly narrower period ratio range (0.741 ≤P 1 /P 0 ≤ 0.747 days) but according to recent studies, and within current uncertainties affecting metallicity estimates for RRLs in these systems (Haschke et al. 2012 ) the metallicity spread for the old stellar populations in the two Clouds is similar.
The location of RR d of Carina and Draco is the same in the Petersen diagram. Indeed current spectroscopic estimates, based on medium resolution spectra, provide a very metal-poor iron abundance ([Fe/H]=-1.92±0.01 dex, see Table 8) also for Draco. The steady decrease in period ratio of RR d in Sculptor is strongly supported by the recent spectroscopic measurements suggesting an iron abundance of [Fe/H]=-1.68±0.01 dex (see Table 8 ). The empirical evidence concerning Sagittarius needs to be discussed in detail, because the periods and period ratios attain values that are on average smaller than for RR d in other dSphs. Spectroscopic estimates based on high-resolution spectra by Carretta et al. (2010) , suggest for Sagittarius a mean iron abundance, based on 27 RGs, of [Fe/H]=-0.62 and individual values ranging from -1.0 to above solar. A smaller spread in iron abundance was also suggested by (Kunder & Chaboyer 2008) using RR Lyrae properties. The spread in period ratios and the range in fundamental periods (0.45 ≤P≤ 0.49 days) showed by Sagittarius RRLs soundly support the spectroscopic measurements and the similarity with LMC RRLs. This indicates that Sagittarius is a fundamental nearby laboratory to constrain the pulsation properties of metal-rich RRL in gas poor systems.
The RR d in the Bulge (small green circles) display a clear overdensity for P 0 ∼0.46 days. This overdensity was explained by Soszyński et al. (2011) as the relic of a former dwarf galaxy that was captured by the Milky Way. More recent investigations based on a larger sample (28 vs 16) indicates that they are distributed along a stream that crosses the Galactic bulge almost vertically. Note that the comparison with theoretical predictions suggests, for the above stellar system, a metal-intermediate chemical composition (Z=0.001-0.002).
The RR d also provide a unique opportunity to validate the current approach to fundamentalizing the first overtones. Whenever the sample of RRLs hosted in a stellar system is limited, fundamental and first overtone variables are treated as a single sample by transforming the periods of the first overtones into "equivalent" fundamental periods, using the relation log P F =log P FO + 0.127. This assumption dates back to almost half a century and relies on the few RR d variables known at that time (Sandage et al. 1981; Cox et al. 1983; Petersen 1991) . The above constant period shift is further supported by the new theoretical scenario by M2015 and by the sizable sample of RR d variables recently identified by large, dedicated photometric surveys.
In passing we note that this issue is far from being an academic dispute, since the same fix is also used to improve the precision of distance determinations based on both RRLs and classical Cepheids (e.g. Marengo et al. 2010) . Figure 8 shows fundamental vs first overtone periods (P 0 vs P 1 ) for the entire sample of RR d plotted in Figure 7 . The red line shows the fit to the empirical data. We found:
(1)
The new estimate of both the slope and the zero-point soundly supports the old fix, and indeed the green line, showing the classical fix, agrees quite well with the new observations.
To further constrain the impact that the period ratios of RR d variables have in constraining the pulsation properties of RRLs, we plotted in the same plane theoretical predictions for the "OR" regions adopted in Figure 7 . The black solid line was estimated by considering only models more metal-poor than Z=0.001, i.e., a metallicity range similar to the observed one. The agreement is quite good over the period range. In passing we also note that when moving to more metal-rich models (Z>0.001, blue circles) the period increase is significantly larger in the fundamental period than in the first overtone one. We still lack firm empirical evidence for such objects and it is not clear whether it is an observational bias or the consequence of an evolutionary property connected to the dependence of the HB morphology on the metal content. Madore 1982 ) that is independent of reddening by definition, assuming that the ratio of totalto-selective absorption is fixed. This is a period-luminosity relation that includes a color term whose coefficient is the ratio between the total and the selective extinction coefficients. Figure 9 shows the observed PW relations and the empirical fit to the data (solid black lines) obtained by fundamentalizing the first overtone pulsators by using Equation 1. Dashed lines depict the dispersion of the above inferred relations. Results of these fits are listed in Table 9 , where the zero-points, the slopes and the dispersions of the relations are reported in the first three columns, respectively. In the fit determination we excluded stars outside 3σ of the inferred empirical BV Wesenheit relation. These stars are the two peculiar pulsators V158 and V182 and the stars V170 and V171 for which we have uncertain parameters (red open symbols).
Thanks to the use of the Fine Guidance Sensor on board the HST, Benedict et al. (2011) provided accurate estimates of the trigonometric parallaxes for five field RRLs: SU Dra, XZ Cyg, RZ Cep, XZ Cyg and RR Lyr. Using their data in Table 2 , we derived the mean magnitude in the B and V bands from a fit with a spline under tension. We then calculated the absolute Wesenheit parameter for each star, (W =< V > −3.06(B − V) − µ), where µ is the individual distance modulus based on the HST parallax. Individual mean magnitudes of the calibrating RRLs and their distances are listed in Table 10 . We applied the individual calibrating RRL to the empirical PW relations (see Figure 9 and Table 9 ). Note that the calibrating RRLs cover a limited range in metallicity (from -1.80 to -1.41 dex, Benedict et al. 2011) . The current theoretical predictions (see Subsection 4.2) suggest a mild dependence on the metal content. Therefore, we neglected the metallicity dependence of the calibrating RRLs. The data plotted in Figure 10 show in the W-log P plane the calibrating RRLs together with the Carina RRLs. The error bars of the calibrating RRLs take into account both the photometric errors and the uncertainties of the trigonometric parallaxes. A glance at the data discloses that only for RR Lyr is the precision of the absolute distance better than 1 %. Using all the calibrating RRLs we found a true distance modulus for Carina of µ = (20.02 ± 0.02 ± 0.05) mag. Note that for the above reasons the accuracy of the distance mainly depends on the accuracy of the data for RR Lyr.
Carina distance determination based on theoretical
PWZ relations To fully exploit the multiband photometry of Carina RRLs we also decided to use predicted PW relations. The new theoretical framework derived by M2015 indicates that the PW (BV) relation is independent of the metal content. This is a very positive feature for two different reasons: a) the PW (BV) can be applied to estimate individual distances of field RRLs for which the metal content is not available; b) the PW (BV) is particular useful to estimate distances of RRLs in nearby dwarf galaxies, since they typically cover a broad range in iron content. We applied the predicted relation to Carina RRLs and we found a true distance modulus of µ = (20.08 ± 0.007 ± 0.07) mag. The distance determination has been estimated using the predicted relation for fundamental pulsators. The number of RR c variables in Carina is modest (12) and they have been fundamentalized. As noted in the previous section in the current distance determination we did not consider stars outside 3σ of the inferred empirical Wesenheit (BV) relation. The above distance agrees, within the errors, quite well with the true Carina distance based on empirical calibrators. Moreover, the new distance determination also agrees with Carina distances available in the literature that are based on robust standard candles (see Table 11 ).
To take advantage of the multiband photometry for Carina RRLs, we estimated the distance using the PWZ (BI), the PWZ (VI) and the triple bands PWZ (BIV) relations (see Figure 11) . The current pulsation predictions suggest a mild dependence on the metal content. Indeed, the coefficients of the metallicity term are 0.106 (BI), 0.150 (VI) and 0.075 (BVI). In passing we note that the metallicity dependence of the optical PW relation for RRL stars displays a different trend when compared with similar relations for classical Cepheids. For the latter objects the PW (VI) relation is almost independent of the metallicity while the PW (BV) shows a strong dependence on the iron content. The reader interested in a detailed discussion of the difference between RRLs and classical Cepheids is referred to the recent paper by M2015.
To estimate the distance from the PWZ (BI), the PWZ (VI) and the PWZ (BVI) we adopted a mean iron abundance for Carina RRLs of (−2.13 ± 0.03 ± 0.28) dex (Fabrizio et al. 2015) . Using this value we found the following true distance moduli: µ = (20.086±0.006±0.06) mag (BI), µ = (20.07±0.008±0.08) mag (VI) and µ = (20.06 ± 0.006 ± 0.06) mag (VBI). Note that the uncertainties in the distance modulus account for the photometric errors, the standard deviation of the theoretical PWZ relations and the intrinsic spread in iron abundance. Once again the above distance determinations agree quite well with the empirical distance, with the distance based on the PW (BV) and with distances available in the literature.
SX PHOENICIS
More that 30 years ago Niss (1981) identified the first variable Blue Straggler (BS) in the Galactic globular ω Cen.
The oscillating BSs have been the cross-road of several theoretical (Gilliland et al. 1998; Santolamazza et al. 2001; Fiorentino et al. 2015) and observational (Kaluzny & Thompson 2003; Olech et al. 2005; Fiorentino et al. 2014) investigations. However, no general consensus has been reached yet on their evolutionary and pulsation properties. The names suggested in the literature range from SX Phoenicis (Nemec & Mateo 1990 ) to Dwarf Cepheids (Mateo et al. 1998; Vivas & Mateo 2013 ) to ultra-short-period Cepheids (Eggen 1979) to AI Velorum stars (Bessell 1969 ) to high-amplitude δ Scuti stars (McNamara 1995; Hog & Petersen 1997) .
The most relevant point concerning the classification is that SX Phe are considered the metal-poor extension of the classical δ Scuti stars. Ironically, the prototype, SX Phe itself, is a metal-intermediate ([Fe/H]=-1.3 dex; Hog & Petersen, 1997) . The circumstantial empirical evidence concerning the pulsation properties are: they oscillate both in radial and non radial modes and a significant fraction are mixed-mode variables (Gilliland et al. 1998) ; their amplitude ranges from a few hundredths to a few tenths of magnitude; they do not show a clear separation in the Bailey diagram (luminosity amplitude versus pulsation period), this means that the mode identification based on their pulsation properties is not trivial; they obey to a periodluminosity (McNamara 2000) and to a period-luminositycolor-metallicity (Petersen & Christensen-Dalsgaard 1999; Fiorentino et al. 2013) .
The region of the color-magnitude diagram in which these objects are located is strongly affected by degeneracy. They are at the transition between low-and intermediate-mass stars during either central hydrogen burning or thick shell hydrogen burning. However, the same region is also crossed by stellar structures approaching the main sequence (Marconi et al. 2000) and by stellar structures that experienced either a collisional merging or a binary merging, i.e. the so-called BSs (Dalessandro et al. 2013) .
The above evidence indicates that the evolutionary channel producing field δ Scuti and SX Phe can hardly be constrained by their position in the Color-Magnitude-Diagram or the Bailey diagram. The empirical scenario becomes easier for variables hosted either in open or in globular clusters, since they are typically brighter and bluer than MS turn-off stars. This further supporting their "peculiar" evolutionary origin.
In this context, dwarf galaxies play a crucial role. The stellar content of dwarf spheroidal galaxies that experienced only a single star formation event (Cetus Monelli et al. 2012a) and (Tucana Monelli et al. 2010 ) appears similar to globular clusters. These stellar systems are dominated by old (t>10 Gyr) stellar populations therefore the color of their main sequence turn off stars (MSTO) are systematically redder (cooler) than the red edge of the instability strip. This means that the Cepheid instability strip in these stellar systems can only be crossed by BSs, since these objects are hotter and brighter than canonical MSTO stars. However, dwarf galaxies that underwent multiple star formation episodes and in particular a well defined star formation episode 6-9 Gyrs ago is going to have both "canonical" and "peculiar" objects crossing the Cepheid instability strip. Carina dwarf spheroidal belongs to the latter group.
The above scenario has been soundly supported by the recent detailed photometric investigation by VM13. They identified more than 340 new SX Phe in Carina with period ranging from 0.03860 to 0.18058 days and luminosity amplitudes ranging from 0.22 to 1.10 mag in V-band. In this context it is worth mentioning that their magnitude (21.89 ≤ V ≤ 23.55) and color distribution (0.05 ≤ B-V ≤ 0.54) indicate that only a minor fraction belongs to the so-called Blue Plume (22.0 ≤ V ≤ 23.2; 0.02 ≤ B-V ≤ 0.22), i.e. to the objects for which it is not clear whether they are truly young (t < 1 Gyr) or BS of the old populations (Okamoto et al. 2008; Monelli et al. 2012b) . The bulk seems to belong to canonical main sequence intermediate-age stars. This evidence opens a new path in the investigation of these interesting objects, since we are dealing with objects that are the aftermath of the different channels located at the same distance and covering a narrow range in metal abundances (Fabrizio et al. 2015) .
Although, the investigation by VM13 is a substantial step forward in the identification of these objects we decided to further investigate the possible occurrence of SX Phe stars. The working hypothesis was mainly supported by the slope of the Cepheid instability strip suggesting that the actual sample of SX Phe might be even larger. The similarity of the Cepheid instability strip with the location of SX Phe, δ Scuti, and RR Lyrae stars is supported by detailed investigations concerning their pulsation properties (McNamara 2011; McNamara & Barnes 2014) . Thanks to the photometric precision and accuracy of our multiband photometric catalog we identified 101 new SX Phe. Some example of light curves are plotted in Figure 12 , while their positions, epochs, periods and mean magnitudes are listed in Table 12 . The mean magnitudes were estimated as intensity means using an analytical fit of the light-curves. Moreover, we confirm the variability for 324 out of the 340 known SX Phe in Carina. For the others 16, we have insufficient data for DC-1, DC-2, DC-3, DC-4, DC-5, DC-6, DC-284 and DC-339, we do not confirm the variability for DC-75, DC-158, DC-264 and DC-295, we do not find DC-180 and DC-340 and we consider DC-1, DC-111 and DC-144 the same variable. The pulsation properties for these objects are given in Table 13 .
The comparison between predicted and observed evolutionary and pulsation properties of Carina SX Phe will be discussed in a forthcoming paper.
CONCLUSIONS AND FUTURE PERSPECTIVES
We have discussed new and accurate multi-band optical (UBVI) photometry of helium burning variables in the Carina dwarf spheroidal galaxy. The current photometry covers a time interval of more than 20 years. This means that we can provide robust identification of regular variables with periods close to half and one day, as well as variables showing modulations in the pulsation period and/or in in amplitude (mixed mode pulsators, Blazhko).
We ended up with a sample of 92 RRLs, among them twelve are first overtones (RR c ), 63 are fundamental (RR ab ) pulsators, nine mixed-mode variables (RR d ) and eight candidate Blazhko variables (Bl). Six out of the 92 RRL variables are new identifications. Moreover, we identified one new double mode pulsator. We also identified 20 ACs, among them one is new identification. Together with all these variables we found two new LPVs and seven EB candidates.
For the entire sample of variables we provide accurate pulsation properties (periods, luminosity amplitudes) plus accurate estimates of the mean BVI magnitudes. The mean BV magnitudes are based on a spline fit, while the mean I-band mean magnitude is based on a template fit. For the RR d variables we have been able to estimate the two oscillating frequencies and also the luminosity amplitude of both the FO and the F component. The current data do not allow us to constrain the secondary oscillation of the candidate Blazhko RRLs. According to extensive photometric surveys of field RRLs, they are a minor fraction (8%) of Blazhko RRLs (Soszyński et al. 2011) .
Although the pulsation properties of ACs in Carina are very accurate we are still facing the problem of mode identification. It seems that optical bands do not help us in settling this longstanding problem.
The analysis of the Bailey diagram confirms that Carina is an Oosterhoff intermediate system and shows that the luminosity amplitudes of the FO component in RR d variables are located along the long-period tail of "regular" RR c variables, while the fundamental components are located along the short-period tale of "regular" RR ab variables. To our knowledge this is the first time that we can properly locate the two components of RR d variables.
The comparison between theory and observations in the Petersen diagram for RR d variables indicates that a steady increase in the metal content causes a steady decrease in the period ratio and in the fundamental period. This evidence is supported not only by RR d variables in Galactic globulars, but also by RR d variables in the Galactic halo and bulge. Moreover, the same diagram shows that RR d variables in nearby dwarf spheroidals and dwarf irregulars (the Magellanic Clouds) display similar properties and that Carina RR d variables are located in a region in which are found only RR d variables hosted in metal-poor globular clusters (M15, M68), in the Halo, or in metal-poor dwarf spheroidal galaxies (e.g. Draco).
The new accurate and precise mean magnitudes allowed us to provide new independent estimates of Carina's true distance modulus. We investigated four different reddening-free Period-Wesenheit relations (BV, BI, VI, BVI). We found that the PW (BV) is independent of the metal content. This finding soundly supports recent pulsation predictions based on nonlinear, convective, hydrodynamical models of RRL stars (M2015).
We took advantage of the trigonometric parallaxes for five field RRLs provided by Benedict et al. (2011) to give a new independent estimate of Carina's true distance modulus using the observed slope of the PW (BV) relation. We found µ=20.02±0.02 (standard error of the mean) ±0.05 (standard deviation) mag. The distance was evaluated using the entire sample of variables. In particular, the RR c variables were fundamentalized. The above estimate agrees, within the errors, with Carina distances available in the literature that are based on solid standard candles (see Table 11 ).
To take advantage of the new predicted optical and NIR PW relations provided by M2015 we also estimated the Carina distances using the zero-point and the slope of the PWZ (BV, BI, VI, BVI) relations. We found true distance moduli of µ=(20.08±0.007±0.07), µ=(20.06±0.006±0.06), µ=(20.07±0.008±0.08) mag and µ=(20.06±0.006±0.06) mag. Note that the distances based on both predicted and empirical PW (BV) relations are independent of the metal content. The distances based on the PWZ (BI, VI, BVI) relations have been estimated by assuming a mean iron abundance for Carina RRLs of [Fe/H]=(-2.13±0.03±0.28) dex. All the above distances are independent of uncertainties in the reddening. However, they rely on the assumption that the reddening law adopted to estimate the color coefficients of the PW relations, is appropriate. The true distances based on empirical and predicted PW relations agree quite well one with each other and with similar distances available in the litera-ture.
There is evidence that distances based on the theoretical calibrations are ∼0.05-0.1 mag larger the distance based on empirical calibrations. The evidence applies not only to the PW relation that is independent of metallicity, but also to the PW relation based on triple bands indicates that the difference is mainly caused by a difference in the zero-point. The comparison between distances based on empirical and on predicted PW relations for stellar systems with precise distances are required to constrain possible systematics either in the current trigonometric parallaxes or in the predicted luminosities at fixed mass.
The above findings further support the mature phase that RRLs are approaching as distance indicators. This circumstantial evidence is going to be reinforced using either NIR and/or MIR PW relations (Madore et al. 2013; Braga et al. 2015) . The key advantage of the above findings is that RRL PW relations display either a mild or a vanishing metallicity dependence. This means the unique opportunity to estimate individual distances for a significant fraction of Halo and Bulge RRLs that have been recently discovered by long-term photometric surveys (OGLE IV, Soszyński et al. (2014) (2012)). This appears as a crucial stepping stone before RRLs can be used as solid primary distance indicators in the local Universe.
The recent findings concerning the difference in iron and in Mg distribution between the old and the intermediate-age Carina stellar populations opened the path for a more detailed pulsation analysis of Carina SX Phe stars. In a recent investigation Fiorentino et al. (2015) found that the pulsation properties of SX Phe can provide solid constraints on their pulsation masses. This approach has already been applied to canonical Galactic globulars (NGC 6541, Fiorentino et al. (2014) ) and to Omega Centauri, i.e. in stellar systems mainly hosting old stellar populations. The sizable sample of Carina SX Phe stars is a very promising laboratory to constrain the mass distribution of the different stellar populations. Moreover they are located at the same distance, and therefore they are an unique opportunity to constrain whether the aftermaths of single and binary star evolution display different mass luminosity relations. This means the prodrome for their use as solid distance indicators.
It is a real pleasure to thank the referee, Mario Mateo, for the positive opinion concerning the content of the paper and for several suggestions and insights that improved the readability and the cut of the paper. This work was partially supported by PRIN-INAF 2011 The distance moduli in this column are slightly different than those in Table 8 of Benedict et al. (2011) due to typographical errors in the paper.
Iron abundances are on the Zinn & West (1984) metallicity scale according to Benedict et al. (2011) , (see their Table 1 ). 
V11, V26, V74:
Classified as a first-overtone pulsators by S86, according to the current photometry they seem to be doublemode pulsators.
V17: Classified as suspected variable in S86 and NV by D03, according to the current photometry appears to be an EB with period 0.3933393 days.
V22: Classified as first-overtone pulsator by S86 and D03. According to the current photometry it seems to pulsate in the fundamental mode with period of days.
V25, V31: Classified as first-overtone pulsator by S86. According to the current photometry it seems to pulsate in the fundamental mode with period of days and they also show Blazhko effect.
V27, V29, V33, V129 and V149: Classified as fundamental mode pulsators by S86. According to the current photometry they appear to be anomalous cepheids.
V40 and V115: Classified as uncertain variables by S86, according to our current set of data, they appear pulsate as firstovertone and anomalous cepheid, respectively. V41 and V87: Classified as suspected variables by S86, according to our current set of data, they appear to be anomalous cepheids.
V61, V77, V126, V127: Classified as fundamental mode pulsators by S86. According to the current photometry they also show Blazhko effect.
V89: Classified as fundamental mode pulsator by S86. According to the current photometry it seems to be a double-mode pulsator.
V138 and V141: Classified as suspected variables by S86, according to our current set of data, they appear to be fundamentalmode pulsators.
V142 and V151: Classified as suspected variables by S86, according to our current set of data, they appear to be first overtone pulsators.
V176: Classified as a first-overtone pulsators by D03 with period of ∼ 0.4, respectively. According to the current photometry it seems to pulsate in the fundamental mode with period of 0.764565 days.
V40, V65, V73, V84, V85, V123, V136, V138, V149, V177, V183, V186, V188, V195, V199, V201, V208, V211, V227, V228, V229, V230: The I-band light curves are poorly sampled in the pulsation across maximum light.
V31, V61, V76, V77, V126, V127, V206: Classified as fundamental pulsators by D03, according to the current photometry they seem to pulsate in the fundamental mode and they also show Blazhko effect.
V74: Classified as first overtone pulsator by D03, according to the current photometry they seem to pulsate in the double mode. V85, V90, V181, V186, V196, V226: The light curves are noisy. V148: This RR c is ∼0.3 mag brighter than the typical luminosity of HB stars.
V158, V182:
We confirm the peculiar nature of the RRLs (see also Paper VI). V161: Classified as suspected variable in D03, according to the current photometry it does not show variability. V170 and V171: Not enough data to fit a light curves, uncertain parameters. V176, V179, V196, V182, V200, V223: These RRLs have very small luminosity amplitudes for an ab-type RRL. V181: This variable has very small luminosity amplitude for an c-type RRL. Possible blend with nearby faint star. V193, V205, V216 , V217, V219: These variables have very small amplitudes for an AC-type variable. Possible blends with nearby faint stars.
V3, V25, V44, V58 and V133: These stars were classified as new discovered variables in Paper VI with the identification numbers: V215, V213, V212, V211 and V209, respectively. V4, V32, V41 and V165: These stars were classified in D03 and Paper VI as V177, V202, V180 and V165, respectively. V218, V227, V228, V229, V230: Poorly sampled light curves, pulsational parameters are uncertain. RRL-1, RRL-2, RRL-3, RRL-4, RRL-5, RRL-38, AC-1, AC-9, AC-10: These stars are the six RRLs (three RR c , three RR ab ) and the three ACs recently detected by VM13 outside the tidal radius of Carina. Zoccali, M., Hill, V., Lecureur, A., et al. 2008, A&A, 486, 177 Fig. 8 .-Correlation between fundamental and first overtone periods. Observed RR d variables have been plotted using the same symbols of Figure 7 . The red line shows the fit to the observed data, the black line the fit to the pulsation models and the green line the classical relation. Red triangles and blue dots display metal-poor and metal-rich pulsation models. Fig. 9 .-Observed optical PW relations. From top to bottom the different panels display the BV, the BI, the VI and the BVI relations. First overtone pulsators were fundamentalized. The symbols are the same as in Fig. 1 . The solid lines display the fit, while the dotted lines the 1σ difference. The standard deviations (rms), the coefficient of the logarithmic period and their errors are also labeled. The two empty circles were not included in the estimate of the PW relations. Figure 9 , but with the the five field RRLs (light blue circles) for which trigonometric parallaxes have been estimated using FGS at HST. The vertical error bars take account of the photometric error and of the uncertainty in distance. The object with the smallest error bar is RR Lyr itself. The true distance modulus based on the empirical slope and on the calibrating RRL is labeled. Fig. 11 .-Top -Predicted PW (BV) relation (black line). The true distance modulus, the standard error of the mean and the standard deviations are labeled. Note that this PW relation is independent of the metal content. Middle -Same as the top, but for the PW (BI) relation. The true distance modulus was estimated using the labeled value of iron abundance. Bottom -Same as the middle, but for the PW (VI) relation. Tables 13 and 12. 
